
Quantum Morphisms
Lecture 12



Last Week
CIQNHGI) - the universal E-algebra generated by

Uij for i.JEVCG) satisfying :
1) uij-uij-UFJV-iij.MG) } U=luij) is a QPM2) Éui*=1=§uej vi.JEVCG)

3) AoU=UAo

• Qut/G) =/CIQUHGI) ,U) is the quantum

automorphism group of G.
•U - the fundamental representation of Qut /G) .
• Universal property of CIQUHG) : ifftp.jk-Mn/t1isaQPMs.t.AoP--PAa

,
then 1- a *-horn $:(lQutlGD→t s.t.HU

,j
) -=p,j .

Properties of Quli/G)
(omultiplication : I :(Cantor))→ClQutlG ) ☒ CIQNHG))

Aluij )=§Uik☒Ukj is a ☒- hom

Antipode : S :((Quito))→ clout IG))" slab)= Slblsla)

Sluij ) -- Uji is a *- hom



Counit : E :( (Qatar ) )→ ¢

Eluij )= bij is a *- hom

Haar state : h :(Cant /G)/→ ¢ satisfying
(h ☒ id)os= lid hlos = h

For Qut (G)
,
his 1-racial

.

Intertwiners

U☒k - ✓(G) "✗ V16)
"
matrix with

"/ii. in,j . . . .jn= Uijilizji - ' Uikjk

u☒°= (1)

An Il
,
Kl - intertwiner of Qut (G) is a matrix

1-c- ¢
VIGIL ✗V14 "

g. f. U☒lT=TU☒K
A

CELL, KI :-. set of ( lik ) - intertwiners of Qatar) .
CI := e.Y.cqll.tn)

CE is a tensor category with duals .



Theorem (Chassaniol) :

CI -1M
"

,
M
"

,
A-a)

t.ro,☒, *

CG ={M
"

,
M
"°

, Aa , 5)t.ro,☒, *

N'" lei ☒ej ) -- Sijei M "°= all 1 's vector

Sle;☒ej)=ej☒e;

ell
,
k)= span of characteristic matrices oforbits of

Ant(G) on VCGYXVIG)
"

.

McColl,k)⇐> p☒lM=MP☒
"

t P c-Aut/G) .

MeC{(l ,k)⇐> p"M=MP☒
"

for any QPM P

that commutes w/ Ao
.

Today (Lupini, Maniinska, Roberson)

We will define orbits and orbitals (orbits on V16)xVlGD

of Qut(G)
,
and show that Cill, 0) & Crill , 1) are

the span
of the characteristic vectors/matrices

of these orbits & orbitals
.
We will also characterize

quantum isomorphism of G & H in terms of QUHGUH)
.



Orbits + Orbitals of Qut(G)

Let ltluij) be the fundamental representation of Qutb.
We define the following relations on V16) - V16/✗V16) :

1) ✗~, y if Uxy -1-0

2) IX. ✗ ')-rly ,y ') if Uxyuxiy' -1-0

Classically : ux.io ⇒ F PEAnt(G) s.t. P×y= /

uxyuxiy.-1-0<=77 PEAutlbls.tl?yPxy.=H

Lemma : Both ~
, & ~z are equivalence relations .

Proof : We prove it for
~
. .

Reflexivity : Recall the counit E :C/Qutb)/→¢

is a *- homomorphism and Eluxy)=8×y .

Thus

Elu×*)=l ⇒ u×× -1-0, i.e. ✗~
,
✗

.

Symmetry : Use the antipode 5 :UQntlGD→dQuHGD".

Suppose that x~iy.ie. uxy -1-0. Then

Sluyx )=u×y+0⇒uy× -1-0 , i.e. y
-ix.



Transitivity : Use consult.-plication A :((Qatar))→ClQuHGÑ?

Suppose that ✗my try-it , i. e. u☒y-t0 & uyz
#0

.

Then

(u×y☒uyz)d(U×z)=(Uxy☒Uyz)§U×w Uwz

=§U✗yU×w Uyzllwz

= Uxy Uyz 1=0

Thus uxz -1-0 , i. e. ✗-it
.

So we have shown that ~, is an equivalence relation .
Proof for ~z left as exercise

.

☐

We now define the orbits and orbitals of Qutb)

as the equivalence classes of ~. t.ir respectively .

Note : ✗my⇒ uxy -1-0 ⇒ uxyuxy -1-0<=7 (xx)
-ily, y ) ,

and IX
,
X) Xz ly, z ) if ✗=/ 2- since U×yU×z=0 in this case

.

Thus the orbits are the orbitals that are contained

in the diagonal of V16) ✗ V16) .



Coherent configurations/Algebras
A coherent configuration on a set ✗ is a partition

R={ R ; : i c-I } of ✗ ✗✗ into the relations/classes

R; satisfying the following :
1) there is a subset DEI et. { Rd : DED} is

a partition of the diagonal { ix.x) : ✗⇐ ✗ } ;
2) for each Ri

,
its converse/transpose { ( y,x) : lxiyl c-Ri}

is a relation
, say Ri, in R (Ri '

-

- Ri is possible );

3) vi.j .KEI there exists pi c-At such that for

any IX. 2-JERK :
"
intersection numbers

/ { y.cl/:lx,y1c-Ritly.z)c-Rj } / =p. .

ÉÑ AiAJ=§p!jA
"

;E¥%

Characteristic matrix of R ; :

IAI)×y={ to iflx.ylc-R.0.IN
.



The span of the matrices Ai is a coherent algebra ,
i. e. a subalgebra A of ¢××× s.t.

1) I. Jet ;

2)Met⇒ M
*
c-A LA is self-adjoint);

3) 1- is closed under Schur/entrywise product.

Conversely, any coherent algebra will have a unique

basis of orthogonal (wrt (A. B) =TrlAB*)=sum(A- •B-))

01- matrices (minimal Schur idempotents) and these will be

the characteristic matrices of some coherent configuration .

Remark : span { Ai : i c-I} = matrices constant on the

classes of R
.

i. e.
ME-15-7 Mx Myy . whenever Fi c-Is.t.lx.H.ly

,y
') ER ;



Examples of coherent configurations/algebras

• 2-class scheme : Ri- { ix. ×) : ✗ EX }
,
Ri- { lay) : x±y3

A
'
-

- I A
'
-

- J- I.

• Singleton partition : { (x,y)} ERV-x.yc-X.ch
ar

.

matrices : E;j=eiej* .

• Strongly Regular Graphs
G regular, any pair of adjacent vts share a neighbors

any pair of distinct non-adj vts share µ neighbors
Then span {I , Ao , A-E-J

-I-Ao} is a coherent algebra .
R:{ lx,x) : ✗ c-V16)} Ri- F-(G) Rj F-(E)

Coherent configurations/Algebras Associated to Graphs

Note : The intersection of two coh.atgs.is a coh . alg .

The coherent algebra (configuration) of a graph G

is the smallest coh
. alg . containing Ao .



This can be computed efficiently by the Weisfeiler -Leman

algorithm .

The orbital configuration of G is the partition

of ✓(G) ✗ V16) into the orbitals of Auto)
.

The corresponding orbital algebra of G is the

commutant of Auto) :

{Me ¢
"""'"

: MP=pm for all PEAUHG)}



The Quantum Orbital Algebra

Lemma : Let U=lu×
,
) be an ✗ ✗ Y quantum perm.

mtx
.

For ME
✗✗
& Ne¢Y✗;

MU=UN ⇒ M×*i=Nyy, whenever dxyuxiy.IO

Proof : Let ×
,
✗
'
c- ✗ try,y

' EY
.

Consider

Uxy (MU)✗yiuxiy ,
=

Uxy (§. Mxx" Ux"y ')U×'y ' = Mxx ' Uxyllxy.

Uxy (UN) -✗y' Uxiy ' = U✗y(§, Uxy" Ny"g) Uxiy ' = Nyy " Uxyux'y'

Thus MU=UN ⇒ Mxxiuxyuxy . = Nyy " Uxyux'y'

⇒ M×✗ , =Nyy . if Uxyuiy . =/0 .

Conversely, if M×*i=Nyy, whenever uxyuxy.IO, then

[ Uxy (MU)×yiU×y , =§yUxy(UN/ ✗y' Uxiy 'X'y
11 11

IMU)×y . (UM×y . Gf



Corollary : Let U be the fundamental representation
of QUHG)

.

Then NIU -_UM f. e.,M is a

11,1 ) - intertwiner of Qutb)) if & only if M is

constant on the orbitals of Qut/G)
.

Corollary : The orbitals of Qut (G) form a coherent

configuration , i. e. Coil1,11 is a coherent algebra .
Proof:(Ill, 1) is an algebra and I,J c- (III. 1) is trivial

.

If MU --UM ,
then U*M*=M*U* and thus

UiU*M*)U=UlM*U*)U
11 It

Mitu Unit

Thus Cill, 1) is self-adjoint.

Lastly, the previous corollary shows that Gill, 1)
is closed under Schur product. ☐

Alternative proof : show that n'
'YA ☒B)(Nl"Y*= A- • B.

Theorem : Uy=yU☒°←→ Y is constant on the orbits of Qutb.

Also the orbits form an equitable partition .



Corollary : Let R , , . . . ,R " be the classes of the coherent

configuration of G, and A
'

, .
. . ,A

" their characteristic

matrices
.

Let U=lu×y) be the fundamental

representation of Qut(G) . Then uxyuxy .
--0 if

IX.✗ ') & ly,y
') are not contained in some common class Ri

.

In other words
,
AiU=UAi for all i --1

, . . .,k .

Proposition (Babai & Kucera ? ) : Almost all graphs
have their coherent algebra equal to the full
matrix algebra .

Corollary : Almost all graphs have trivial

quantum automorphism group .

Theorem /Junk
,
Schmidt

,
Weber) : Almost all trees have

quantum symmetry, i. e. CIQUHG) ) is noncommutative .



The Haar State

Lemma : Let 0
, ,

.
. . ,0r be the orbits of Qut/G) and

let R
, , . . . ,

Rs be its orbitals
. If h :(IQUHG) )→¢

is the Haar state of Qut(G)
,
then

hlu.nl = { toil
"

if ×
, y c- Oi

0 O.w.

hluxyux:/D= {
Ril" if lx.xl.ly,y '/ c-Ri

J o -w.

Proof : Exercise
.

Note : uxy -10 ⇒ hluxy) -1=0 .



Theorem 1 : Let G + It be graphs . Then G-=qcH
if & only if there is a QPM P sit

. AoP=PAµ .

Theorem 2 : Let GTH be connected graphs .

Then

G-⇒ult if & only if FGEVCG) & HEVIH) in the same
orbit of Qut/GUH)

.

J-I-Ao T-I-AH

Proof of 1 : suppose that P is a QPM s- t. Aap-- PAH.

By taking complements of both G -H, we may assume
that G is connected

.

It follows that H is connected

(Exercise )
.
Consider AaP*=(PAµ)☒=lAoP)*=p*Ao

p*☐)=(° AP) =/
° PAH)1%9.110

•

AHP
't
0 P*Ao 0,

(
O P Ao 0

p* g) commutes with Aoun .=

p* o/\o a.) i.e. (
° P

(and is a QPM)

Now let U be the fundamental representation of QUHGUH).

By the above 7g c-V16) & HEVIH) s - t. ugh -1-0 .



Note that for any g.gig
"

c- V16) & HEVCHI , the

pairs 1g ,g
') t 1h , g

") are in different orbitals

of Qut /GUH) . Thus Ugnuojq" =D. Similarly,
Ugh Uiin " =D for any g c- V16) & h, h

'

,
h
"
c- VLH)

.

V14 VIH)

U=
"

"Y⇒fY=( * Ñ)HH) Uh'h" * ☒
,

For each g c-V16) define ug=§µµ,Ugn . Similarly
define un for h c- HH)

.

We aim to show that

u
,
/un does not depend on glh & Ug=un .

I. e. want to show it is a sub -QPM
.

We have

D= Ug(Few, Ugly")=Ug(1- Ug ') = Ug - ugug ,

⇒ ug= Ugugivg
'

c- V16) . Similarly, ug= Urging V9
'

c- V16)
.

Thus Ug= ugugi-ug.V-gig.tv/G) . Similarly Un=Un ' .

Now V16)/ Ug =§µ, , Ugh'= IVIHI / un ⇒ Ug=Un .
VIHI

Denote this non- zero projection I , and let t be the



E- algebra generated by the entries of Tl . Note
I
ugh

= (§, Ugh .) Ugh = Ugh & similarly ugh F-= Ugh .

Thus I is the identity in A and so Tl is a QPM

over t
.

Moreover
, AGVHU -_UAGUH implies

f-•
°

)(
* u

° AH *
I) = ( ¥ ¥)/Aa 00 A-

µ
)

11

* Ain
"

(
* * ) (

* HAY
☒ ☒

Thus AoÑ=ÑAµ . Lastly , HII) +01--1 in fact)
since there is some ugh -1-0 . Let D= HIII" h/ .

Then III 1=1 and thus Ñ is a 1- racial state on A.

Therefore Ñl is a QPM over a E-algebra
that has a 1-racial state it

. AoÑ=Ñ AH, i. e.
G -=qcH . ☐



Brannan
,
Chirvasitu

,
Eifler

,
Harris

,
Paulsen .su

,
Wasilewski

G-=qH if & only if there is a QPM P over a

*- algebra such that Aop-- PAH
.

QPM over *-algebra : same as over E-algebra
except we must explicitly require that

pijp;k=0 if j±k, and pijpe.jo if i-1-1.



Isomorphisms of Coherent Algebras

Suppose that A & A
'

are coherent algebras .
A tweak) isomorphism from A to -1

'

is a bijective
linear map $ :A→t

'

such that

1) 0/(1-13)=0/(1-101113), i. e. $ is an algebra isomorphism;
2) 011A •B) = oilA) • $1B);

3) 41A 't) = $/A)*;
4) HI)=I & $1T)=J

.

If pig for i,j , KEI and qitj for i.g.KEI
'

are the

intersection numbers of 1- +Al respectively,
then the existence of an isomorphism from 1- to-1

'

is equivalent to the existence of a bijection x:I→I
'

k alk )

s.t.pij-qniw.pl/-i,j,kEI , and the corresponding
isomorphism 01:t→t

'

is given by 011A ')= A-""1
.



Theorem : Let to + AH be the quantum orbital

algebras of G & H respectively. If G-i-q.lt,
then there is an isomorphism 01 :AG→tH

such that HANNAH) .

Corollary : Let to + AH be the coherent algebras
of G & H respectively. If G-i-q.lt, then there

is an isomorphism $ :-/→t.ns.t.UAa) = NAH) .

Corollary : If G-=qH , then G and H are not

distinguishable by the 12 - dimensional)
Weisfeilev - Leman algorithm .

Homework : Let M
"-1M")*

.

Then the matrix

Mi
"

HAA
")☒I)A¥1I☒IM"Ad) M" is in CEH , 1) .

Is it necessarily in the coherent algebra of G?
What are its entries ?


